Abstract--This paper studies the effects of an axial magnetic field on the flow and heat transfer about a porous rotating disk. Using modern quasi-Newton and globally convergent homotopy methods, numerical solutions are obtained for a wide range of magnetic field strengths and injection and suction velocities. Results are presented graphically in terms of three nondimensional parameters. There is excellent agreement with previous work and asymptotic formulas.
INTRODUCTION
Von Karman [1] first noted that the Navier-Stokes equations governing the flow past a rotating disk reduced to self similar form. He also obtained an approximate solution for that problem. Later, Cochran [2] obtained a more accurate solution to the same problem. The effects of an axial magnetic field on the flow and heat transfer about a rotating disk were studied by Sparrow and Cess [3] , and asymptotic solutions for the flow were obtained by Kakutani [4] . Beginning with the pioneering work of Prandtl in 1904 on mass addition or removal at a bounding surface, there has been continuing interest due to the wide range of applications. Some important examples are boundary layer control, cooling of turbine blades, and cooling the skins of high speed aircraft. Another significant application is to model the boundary layer on the face of a crystal grown by the Czochralski method with an axial magnetic field (Hurle and Series [5] ). Considerable work has been done recently on the effects of uniform suction or injection on the flow field induced by a rotating disk. Stuart [6] obtained a series solution for strong suction at the surface of a rotating disk. Sparrow and Gregg [7] developed numerical solutions for the rotating disk problem with suction or injection at the disk surface. Kuiken [8] examined the case of strong injection at the disk surface. Ackroyd [9] obtained uniformly valid series solutions for suction velocities and low values of injection velocities.
In this paper we describe the effects of an axial magnetic field and suction (or injection) on the flow and heat transfer about an insulated rotating disk. Pande [10] obtained a series solution for this problem when there is strong suction and a weak magnetic field. We will present results on the flow and heat transfer for a wider range of injection velocities and suction velocities combined with a wide range of magnetic field strengths. When the disk is conducting, adding a magnetic field promotes the motion of the fluid, whereas if the disk is insulated, adding a magnetic field decreases the flow velocities. Conducting disk problems belong to the class discussed by Lin [11] , and are not considered here.
GOVERNING EQUATIONS AND BOUNDARY CONDITIONS
Let the disk lie in the plane z = 0 and the space z/> 0 be occupied by a homogeneous, incompressible, electrically conducting viscous fluid. The geometry of the problem being studied is shown in Fig. 1 . Here (r, 0, z) are cylindrical coordinates, B0 is the externally applied magnetic field in the z direction, co is the angular velocity of the disk, 7',. is the uniform temperature at the disk surface and T~ is the ambient fluid temperature, the basic equations for a nonconducting disk are modified to include the Lorenz force J x/~(Jbeing the current density)• In cylindrical coordinates (r, 0, z), assuming angular symmetry, the equations of motion are [3] :
p U~r+W w=-gz and the continuity equation is
where u, v and w are the velocity components in the r, 0, z directions respectively, p is the density of the fluid, /~ is the coefficient of viscosity, p is the pressure, a is the electrical conductivity and: 2 82 1 c9 c92 v =~+7 Tr +~z --~"
Further, equations (1)-(3) assume that the induced electric field is negligible compared with the imposed magnetic field. This assumption is valid for flow at low magnetic Prandtl number as shown by Rossow [12] and Neuringer and McIlroy [13] . The energy equation is:
in which T is the static temperature and ~ is the thermal diffusivity. The boundary conditions of the problem are:
w = --n w
T--, T~ T=Tw
where Hw > 0 corresponds to suction and Hw < 0 corresponds to injection.
REDUCTION TO ORDINARY DIFFERENTIAL EQUATIONS
Following Von Karman [1] , we introduce the following relations:
Also, from equation (4) we have:
Substituting equations (7) and (8) into equations (1)- (5) yields:
where prime denotes differentiation with respect to t/. The Prandtl number Pr and the magnetic parameter m are given by:
ot po~ where 0 = #/p is the kinematic coefficient of viscosity. in equation (7), the new boundary conditions from
In terms of the new variables defined equation (6) are:
where A is the nondimensional velocity normal to the disk surface. A > 0 represents suction while A < 0 represents injection. Observe that equation (10) decouples from equations (ga) and (9b), and that once H(t/) has been determined, O (t/) can be computed by solving a relatively easy 1-D two-point boundary value problem.
NUMERICAL METHOD
Following the format in Heruska [14] , define:
Let H(t/; X), G(t/; X) be the solution of the initial value problem given by equation (9) with the initial conditions (12) and (13) . The original two point boundary value problem described by equations (9) and (12) is numerically equivalent to solving the nonlinear system of equations:
\G(,;X)J where ¢ is chosen large enough so that IH(t/)-n(z)l <* and IG(t/)-G(¢)l <e for z < t/< oo and a given, > 0. Equation (14) is derived from the boundary conditions (12) . Algorithms for solving nonlinear systems like (14) typically require partial derivatives such as aH'/OXk. We can write the functions needed as:
H(t/),H'(t/), H"(t/), G(t/), G"tt/), -~kk ' "~kk ' OXk ' OX, ' OXk ]'
for k = 1 and k = 2. Now H'(q; X), G(r/; X) and their partial derivatives can be calculated from the first order system: r;= r2 
where 6~ is the Kronecker delta. By solving this system twice, for k = 1 and k = 2, the Jacobian matrix DF(X) of F(X) can be calculated. Two methods were utilized to solve this problem, a quasi-Newton method and a globally convergent homotopy method. The quasi-Newton method used was HYBRJ from the MINPACK subroutine package by Argonne National Laboratory [15] . These quasiNewton routines are robust and quite efficient. However, they fail at times by converging to local minima.
The other method, a globally convergent homotopy method developed by Watson [16] , does not suffer from the convergence problems of the quasi-Newton method. However, this method requires considerably more computation time. Details about the algorithm and some of its applications can be found in [16] [17] [18] [19] .
The strategy for these problems was to try to solve them first using the inexpensive quasi-Newton method. If that fails, then use the expensive, but guaranteed convergent, homotopy algorithm.
As previously mentioned, these methods use some partial derivatives with respect to the initial conditions. For some values of m and A, these partials increase drastically as q increases. This problem was worse in cases where m was large and/or there was large injection velocity. Large values of suction velocity tended to make the problem better conditioned. Therefore, results with large m and/or large injection velocities are not as accurate as other results. This also limited the range of injection velocities and m values for which solutions could be computed. Such instability is an inherent problem with shooting methods, the type used. Other methods, such as finite difference, collocation, and finite element, will be considered in future work.
DISCUSSION
The flow depends on two parameters, .4 and m, while the temperature depends on Pr, A and m. Graphs are presented to gain some insight into the effects of these parameters. For m = 0 we have the case of a rotating disk in the absence of a magnetic field while A = 0 corresponds to the case of an impermeable rotating disk. The effects of A and m on radial velocity (F(r/)) are shown in Fig. 2 . From these figures, we see that the radial velocity increases monotonically with increased q, until a maximum is reached, and then decreases monotonically to 0 as q--, ~. For an imposed magnetic field, as the value of suction decreases (Fig. 2a) , the maximum for radial velocity moves away from the disk and the magnitude of the radial velocity increases. Increasing the value for injection moves the maximum away from the disk and increases the maximum radial velocity. For an imposed "081 ~,
~. \ 06 "\.. suction value, as the strength of the magnetic field increases (Fig. 2b) , the maximum radial velocity moves towards the disk and the magnitude of this maximum decreases. From these two figures, it can be inferred that for large values of m, there is a considerable reduction in the 3-D character of radial velocity (i.e. the flow becomes 2-D). Figure 3 shows the behavior of the tangential velocity (G(r/)) for various values of A and m. For an imposed magnetic field, as suction increases (Fig. 3a) , the boundary layer thickness increases, whereas an opposite effect is observed for increasing injection values. Figures 3(b) and (c) show the effects of various magnetic fields on the tangential velocity for A = 1.0 and -1.0. In both cases an increase in magnetic field has the same effect as that of increasing suction, namely thinning of the boundary layer. Figure 4 (a) shows that with an imposed magnetic field, for higher values of suction the axial velocity is almost constant with respect to r/. When A is -1.0, there is still some inflow in the axial direction at infinity. But, as the injection value increase (-2, -3), there is no inflow at all. We can understand this better by referring to Table 1 . For m = 0.1 there is inflow towards the disk in the axial direction from infinity (H(~) is negative) for all values of injection. For m = 0.5 there is no inflow from infinity (H(oo) is positive) when the injection value has a larger magnitude than -2.0. The effect of m on H can be seen from Fig. 8 and Table 1 . 0.1 to 4.0. This shows that while the effect of m on torque is large when suction is small, the effect is reduced as suction increases. Table 1 also shows that as the values for injection increase in magnitude, the effect of m on torque becomes increasingly dominant. Under the assumptions discussed in Section 2, the current density:
of A and m on torque (G'(O)), axial velocity at infinity (H(ov)), displacement thickness (6*) momentum thickness (6~') and

A m H"(O) G'(O) H(~) 6*(eg/o) °/2 6~(co/o) n:2
Using F(~) and G(e) computed from the initial conditions given in Table 1 or read from Figs 2 and 3, one can easily compute the current lines, which are spirals of the form:
in the z = constant planes. The equipotential surfaces can be computed from the above expression for the current density J in terms of F(r/) and G(t/).
DISPLACEMENT THICKNESS AND MOMENTUM THICKNESS
For the tangential direction, define the displacement thickness 5" as:
The momentum thickness for the flow about a rotating disk as defined by Stuart [6] is:
The values obtained for ~* and ~* are shown in Table 1 where r is the thermal conductivity. The Nusselt number is given by:
From equations (19) and (20):
An expression for -O'(0) is obtained by integrating equation (10) subject to the boundary conditions (12) resulting in: Some values of -O'(0) obtained from the above integration are shown in Tables 2 and  3 . We can see that the Nusselt number (-O'(0)) increases as suction increases but decreases as injection increases. For a given A, Nu increases as Pr increases. From Table  3 
From Table 6 , we see that the asymptotic formula for H(oo) is fairly accurate for m values as low as 2. Also, as A increases, the percent difference decreases even though the absolute difference increases. However, negative values of A have a larger difference as well as a larger percent difference as the magnitude increases. The asymptotic formula does not have as much accuracy with injection values as it does for suction. 
